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Abstract: 　 T his paper consider s a class of uncer tainties with the polynomial function form of per tur-
bation par ameter s, w hich is analogous to a fact that part inform ation is know n for some uncer tain-
ties. A sufficient condition of robust stability is presented, and a method is also pr ovided t o estimate
the stability bound for plant s wit h the class of uncer tainties. I n the case of int er val plants, this condi-
tion reduces to an ex isting result , which w ould show indirectly the condition is not to o conser vativ e.
Methods are offered t o design a stabilizer v ia the state and output feedback, r espectively. M oreover ,
alg orit hms are pr opo sed to obtain a stabilizer such that the stability domain of the closed loop systems
is maximized w ith respect to the used method. Finally, an illustrativ e example of flig ht contr ol sys-
tem stabilization is given to show the met hods in practice.
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具结构式不确定性系统的鲁棒镇定. 曾建平,柳晶晶, 林都.中国航空学报(英文版) , 2002, 15( 4) :
228- 233.
摘　要: 考虑一类与摄动参数呈多项式函数关系的不确定性模型, 这类模型反应了预知部分不确
定性信息的物理意义。给出了含这类不确定性系统鲁棒稳定的充分条件和最大稳定域估计方法。
在区间系统情形, 该条件退化为已有结果,这间接表明文中条件的保守性有限。进一步得到了状态
和输出反馈鲁棒镇定控制器的设计方法,及文中方法意义下具有最大稳定域的镇定控制器设计算
法。最后,给出了一个飞控系统鲁棒镇定控制器设计的例子,说明文中方法的可行性。
关键词: 鲁棒稳定性; 鲁棒镇定; 不确定系统; LM I
文章编号: 1000-9361( 2002) 04-0228-06　　　中图分类号: V249　　　文献标识码: A
　　In the past tw o decades, the robust analy sis
and synthesis problem of a sy stem fam ily has been
considerably researched
[ 1-5] . T here have appeared a
lot of valuable results, such as Kharitonov Theo-
rem, robust stability criterion based on quadratic
stability, etc . So far, researches on robustness of
interval systems and linear corresponding perturba-
tion systems are now very mature
[ 4] . How ever,
researches on robustness of nonlinear correspond-
ing perturbation systems are st ill not suff icient .
This paper considers a class of basic uncertain-
ty , w hich is the polynomial function form of per-
turbation parameters. Firstly, the class of uncer-
tainty is a natural extension of the interval and lin-
ear corresponding perturbation, and it is analogue
to a fact that part structured information is
know n. Secondly, a cont inuous nonlinear function
can be approximated by a polynomial funct ion.
Thus the nonlinear corresponding perturbation can
be converted into a polynomial corresponding per-
turbation. T hirdly, the plant models usually are
different in different operat ion condit ions. For ex-
ample, the flight control sy stem model v aries with
height and velocity. The realization would be very
complex if one controller is designed for each oper-
at ion state. F it ting these model parameters in the
variant parameter range by a polynom ial w ill result
in the class of uncertainty . Based on this idea, a
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pow er system model is built in Ref. [ 6] , w hich is
applicable to a w ide operating range. Mot ivated by
the above reasons, it is significant to study the
class of uncertainty. This paper considers the ro-
bust stability analy sis and robust stabilizat ion of
the plant w ith the class of uncertainty .
This paper is organized as follow s. A class of
uncertainty system model is proposed in Section 1.
Sect ion 2 considers the robust stability analysis.
Sect ion 3 provides stabilizable condit ions, and
methods to design the stabilizer such that the
closed loop system stability domain is max imized.
An example of f light control design is given in Sec-
tion 4. Some remark conclusions are made in Sec-
tion 5. Throughout this paper, I denotes an iden-
tity matrix w ith appropriate dimension. A
T
denotes
the t ranspose of A. A
⊥
denotes a matrix satisfy ing
A
⊥
A= 0, A
⊥
A
⊥T > 0. T he size of the matrix is
omitted when it can be determ ined from the con-
text .
1　Problem Formula
Given a non-negat iv e integer k≥0 and ai∈R,
i= 0,⋯, m , the following ident ity holds
( a1 + a2 + ⋯ + am) k =
∑
i
1
+ ⋯+ i
m
= k
i
1
⋯i
m
( k) a
i
1
1 a
i
2
2⋯aimm ; 0≤ ij ≤ k ( 1)
w here　i
1
⋯i
m
( k)  = C i1k C i2k- i
1
⋯Cim- 1k- i
1
- ⋯- i
m- 2
=
k!
i1 ! i2!⋯( k - i1 - ⋯ - im- 1 ) ! , C ik = k!i! ( k - i) ! .
　　Denote i1⋯im ( k) as i1⋯im in shorthand. Let q
= ( q1⋯qm ) T∈Rm be t ime-variant parameter vec-
tor; the follow ing definitions are int roduced.
Def . 1　A map H ( k) ( q) Rl→Rh is said to be a
real m-variate homogeneous polynomial matrix
form of degree k if
H ( k) ( q) = ∑
i1+ ⋯+ im= k
i
1
⋯i
m
Hi
1
⋯i
m
q
i
1
1 q
i
2
2⋯qimm
 = M ( k)N( k) , 0≤ ij ≤ k ( 2)
w here　M ( k)  = n⋯0qk1I ,⋯, i1⋯imqi11 qi22⋯
q
im
m I ,⋯, 0⋯nqkmI ∈Rk×k( m, k) , (m, k)  =
C
k- 1
m+ k- 1, NT( k)  = [ HTk⋯0, ⋯, HTi
1
⋯i
m
, ⋯, HT0⋯k ] T ∈
R
l×k( m , k)
,Hi
1
⋯i
m
∈Rh×l are the coeff icients.
Def . 2　A map H [ k] ( q) Rl→Rh is said to be a
real m-variate polynomial matrix form of deg ree k
if
H[ k] ( q) = ∑k
i= 0
C
i
kH ( i) ( q)  = M [ k] N[k] + H ( 0)
( 3)
w here　M[ k]  = C1k M( 1) , ⋯, Cik M ( i) , ⋯,
C
k
kM ( k) , N
T
[ k] = [NT( 1) , ⋯, NT( k) ] T , H( 0)∈Rh×l is
a matrix w ith elements independent q.
Observe that any matrix with polynomial
form elements alw ays can be w rit ten as the form in
Eq. ( 3) . By the above def init ion, there are
M( k)M
T
( k) = ∑
i
1
+ ⋯+ i
m
= k
i
1
⋯i
m
q
2i
1
1 q
2i
2
2 ⋯q2imm I =
( q21 + q22 + ⋯ + q2m) kI = ‖q‖2k2 I ( 4a)
M [ k]M
T
[ k] = ∑k
i= 1
M
T
( i)M( i) =
( 1 + ‖q‖22 ) k - 1 I ( 4b)
　　Consider linear time-invariant systems with
uncertainties
x
= A( q) x + Bu
y = Cx
( 5)
w here x∈Rnp , u∈Rnu, and y∈Rny are the state,
the input and the output variable, respect ively .
In a common case, only part elements of A
( q) vary w ith perturbat ion parameters. Analogue
to this case, let
A( q) = AN + LA( q) R, A( q) ∈Rh×l, h, l≤ np
( 6)
w here L∈Rh×np and RT∈Rl×np are matrices con-
sist ing of 0's and 1's, and of full column rank. AN
∈Rnp×np and LA( q) R are respectively invariant and
variant parts of system matrix A( q) .
If all elements of the matrix are perturbed,
then L= R= I . Through this paper, the authors
suppose uncertainties are of the form in Eq. ( 3) ,
i. e. A= H [ k] . T hen rew rite ( 6) as
A( q) = A0 + LM[ k]N[ k]R, A0 = AN + LH( 0)R
( 7)
　　Remark 1　Generally , error and uncertainties
in the measure system and control channel can be
rest ricted in an allowable range; hence this paper
does not consider uncertaint ies in matrix es B and
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C.
2　Robust Stability of Autonomy Syst em
Lemma 1
[ 7]　Consider an uncertain system x
= ( A+  A( t) ) x, w here  A( t ) = E ( t ) F, E is of
full column rank,  ( t)∈! = { ( t )   T ( t )  ( t )
≤ I} . Then the system is quadrat ically stable if
and only if A is stable and ‖F( sI- A) - 1E‖∞<
1.
Lemma 2
[ 8]　Let ( A, B, C) be a realization of
a linear t ime-invariant system. Suppose A is sta-
ble. Then the following statements are equivalent
( i) ‖C( sI- A) - 1B‖∞< 1;
( ii)  P> 0, such that
PA + ATP + CTC PB
B
T
P - I
< 0
　　( iii) Ham ilton matrix H = A BB
T
- C
T
C - A
T
has no eig envalues on the imaginary ax is.
Without loss of generality , suppose  qi ≤∀i,
and let #2 = 1+ ∑m
i= 1
∀2i r - 1. By Lemma 1 and
Lemma 2, the robust stable condit ion of an auton-
omy system is made.
Theorem 1　A ( q ) is quadrat ically stable, if
one of the following conditions is sat isf ied.
( i) A0 is stable, and Hamilton matrix
H1=
A0 LL
T
- #2RTNT[k]N[ k]R - AT0 or
H2 =
A0 #2LLT
- R
T
N
T
[ k]N[ k] R - A
T
0
has no eigen-
values on the imag inary axis;
( ii)  P> 0 such that
PA0 + AT0P + #2RTNT[ k]N[ k]R PL
L
T
P - I
< 0 ( 8)
　　( iii)  P> 0 such that
PA0 + AT0P + RTNT[ k]N[ k]R PL
L
T
P - #- 2I < 0
( 9)
　　Proof　Note that M [k]MT[ k] /#2< I , by Lem-
ma 1, if ‖#N[ k]R( sI- A0) - 1L‖∞< 1, then A( q)
is quadrat ically stable. By lemma 2, this norm
bounded condition is respect ively equivalent to ( i) ,
( ii) and ( iii) . This completes the proof.
Remark 2　 If q is t ime-invariant , then the
quadratic stability in T heorem 1 reduces to uni-
formly asymptot ic stability.
From the proof of T heorem 1, the suf ficient
condit ion also is necessary for the following special
case.
Corol lary 1　Suppose k= 1, M [ k] ( q ) is a
row vector; then the follow ing statements are e-
quivalent .
( i) A( q) is quadratically stable;
( ii) ‖N[ 1] R( sI- A0) - 1L‖∞< 1;
( iii) A0 is stable, and Hamilton matrix
H3=
A0 LL
T
- #2RTNT[ 1]N[ 1]R - AT0 or
H4 =
A0 #2LLT
- RTNT[ 1]N[ 1]R - AT0
has no eigen-
values on the imag inary axis;
( iv)  P> 0 such that
PA0 + A
T
0 P + #2RTNT[ 1]N[ 1]R PL
L
T
P - I
< 0
( 10)
　　( v)  P> 0 such that
PA0 + AT0 P + RTNT[ 1]N[ 1] R PL
L
T
P - #- 2I < 0
( 11)
　　For an interval system , there is k= 1, L= R=
I . In this case, Theorem 1 reduces to:
Corol lary 2
[ 5]　If H5= A0 #
2
I
- NT[ 1]N[ 1] - AT0
has no eigenvalues on the imag inary axis, then
A( q) is stable.
For est imating the stability domain, let ∃= #2
and see it as a variable. Rew rite LMI( 8) as
PA0 + A
T
0P + ∃RTNT[ k]N[ k]R PL
L
T
P - I
< 0
P > 0, ∃> 0 ( 12)
　　Def ine the opt imal problem
∃m = max
(P, ∃) satisfying LM I( 12)∃
　　Theorem 2　Suppose ∃m> 0. Then an est ima-
tion of the max imum robust stability domain is
‖q‖22≤
k
1+ ∃m- 1.
3　Robust Stabilization
3. 1　State feedback case
Given the state feedback u= Kx, the closed
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loop system is
x
= ( A( q) + BK) x ( 13)
　　 By Theorem 1, the closed loop system is
quadratically stable, if  P> 0 such that
P( A0 + BK ) + (A0 + BK )
TP + #2RTNT[k ]N[ k] R PL
LTP - I
< 0

(A0 + BK)P
- 1 + P- 1 (A0 + BK)
T +
#2P- 1RTNT[ k]N [ k]RP- 1 L
LT - I
< 0
　　Let X = P- 1 , Z= KP- 1 . By Scher Comple-
ment Lemma[ 9] , the stabilizable condit ion v ia state
feedback is made.
Theorem 3　If there exist matrices Z and X>
0, such that
A0X + XAT0 + BZ + ZTBT + LT L #XRTNT[ k]
#N [k ]RX - I < 0
( 14)
then A( q ) is quadrat ically stabilizable via the state
feedback, and u= ZX
- 1
x is such a stabilizer.
Theorem 4　Suppose the optimal problem
%m = min
( X> 0, Z, %> 0) %
A0X + XAT0 + BZ + ZTBT + LTL XRTNT[ k]
N [k ]RX - %I < 0
( 15)
is solvable, and then A( q) is quadrat ically stabiliz-
able via state feedback. M oreover, u= ZX
- 1
x is
such a controller and the closed loop system has a
robust stability domain ‖q‖22≤ k 1/%m+ 1- 1.
3. 2　Output feedback case
Given the output feedback controller
x

c = Acxc + Bcy
u = Ccxc + Dcy
( 16)
then the closed loop system is
x

xc = A~( q)
x
xc
( 17)
w here　A~ ( q ) = A( q) 0
0 0
+ B~GC~, B~=
B 0
0 I
,
C
~=
C 0
0 I
, G=
Dc Cc
Bc Ac
.
Rewrite A~( q) as
A
~( q) =
A0 0
0 0
+ B~GC~ +
L
0
M[ k]N[ k] [ R　0]
 = A~ 0 + L~M [ k]N[ k]R~ ( 18)
w here　 A~ 0= A0 0
0 0
+ B~GC~, L~= L
0
,
R
~ = [ R　0] .
By Theorem 1, sy stem Eq. ( 17) is quadrat i-
cally stable, if  P~> 0 such that
P
~
A
~
0 + A~ T0P~ + #2R~ TNT[ k]N[ k]R~ P~L~
L
~T
P
~
- I~
< 0
 P
~
A
!
0 + A
!T
0P
~
+ #2R~ TNT[ k]N[ k]R~ P~L~
L
~T
P
~ - I
+
P
~
B
~
0
G[ C~　0] + C
~T
0
G
T
[ B~
T
P
~　0] < 0
( 19)
w here A!0= A0 0
0 0
.
Matrix inequality ( 19 ) holds if and only
if [ 9, 10]
P
~
B
~
0
⊥
P
~
A
!
0 + A!T0 P~ + #2R~TNT[ k] N[ k] R~ P~L~
L
~T
P
~
- I
∀
P
~
B
~
0
⊥T
< 0 ( 20)
C
~T
0
⊥
P
~
A
!
0 + A!T0 P~ + #2R~TNT[ k] N[ k] R~ P~L~
L
~T
P
~ - I
∀
C
~T
0
⊥T
< 0 ( 21)
　　Note that P
~
B
~
0
⊥
=
B
⊥
0 0
0 0 I
P
~ - 1
0
0 I
,
C
~T
0
=
C
~T⊥
0 0
0 0 I
; a main result in this section
is proved by directly algebraic operation.
Theorem 5　If there ex ist X> 0, Y> 0, such
that
B
⊥
0
0 I
A0X + XA
T
0 + LL
T #XRTNT[ k]
#N[ k]RX - I ∀
B
⊥T
0
0 I
< 0 ( 22a)
C
T⊥
0
0 I
YA0 + AT0Y + #2RTNT[ k]N[ k] YL
L
T
Y - I
∀
C
T⊥T
0
0 I
< 0 ( 22b)
X I
I Y
≥ 0 ( 22c)
then A( q ) is quadratically stabilizable via the out-
put feedback, and there exists a robust stabilizer
w ith order nc≤rank( X- Y- 1 ) .
Remark 3 　 According to Refs. [ 9 ] and
[ 10] , a method can be given to design a stabilizer
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w ith order nc= rank( X- Y
- 1
) via a feasible solu-
tion ( X, Y) to LMIs ( 22) . The main steps make
as follow s: ( i) Do full rank decomposit ion MNT=
I- XY, w here M and NT are of full column rank;
( ii) Solve equat ion
I Y
0 N
T
= P
~ X I
M
T
0
; ( iii )
Replace P
~
in LM I ( 19) . Then the controller pa-
rameter G=
Dc Cc
Bc Ac
is obtained to solve LMI
( 19) .
Note that LMI ( 22a) and LM I( 22b) are re-
spectively equivalent to
B⊥ (A0X + XAT0 + LLT ) B⊥T B⊥ XRTNT[k ]
N [k]RXB
⊥T - #- 2I < 0
( 23a)
C
T⊥ ( YA0 + AT0 Y) CT⊥T CT⊥YL CT⊥RTNT[ k]
L
T
YC
T⊥T - I 0
N[ k]RC
T⊥T
0 - #- 2I
< 0
( 23b)
　　Similar to the state feedback case, let %= #- 2
and see it as a variable. Then a stabilizer can be
chosen so that the closed loop system stability do-
main is maximized.
Theorem 6　Def ine the optimal problem
%m = min
( X, Y, %)%
where ( X , Y, %) sat isfy LMIs ( 23) and ( 22c) . If
%m > 0 then A ( q ) is quadratically stabilizable via
the output feedback, and the closed loop system
stability domain is ‖q‖22≤ k 1/%m+ 1- 1.
Remark 4　The method to const ruct a stabi-
lizer in Theorem 6 is similar to that in T heorem 5
( see Remark 3) .
4　Example
The following flight control system is bor-
rowed from Ref . [ 11]
A =
- 2. 98 - 0. 93 + q 0 - 0. 034
- 0. 99 - 0. 21 0. 035 - 0. 0011
0 0 0 1
0. 39 - 5. 555 0 - 1. 89
B =
- 0. 032
0
0
- 1. 6
,　　CT =
0 0
0 0
1 0
0 1
where  q ≤1. 5.
Rewrite A as
A = A0 + LqR =
- 2. 98 - 0. 93 0 - 0. 034
- 0. 99 - 0. 21 0. 035 - 0. 0011
0 0 0 1
0. 39 - 5. 555 0 - 1. 89
+
1
0
0
0
q
0
1
0
0
T
　　By Corollary 1, the authors' methods are not
conservative for the plant . It can be verif ied that
the system is not stable by T heorem 1. In fact ,
the max imal stability domain is q2≤1. 48702 by
Theorem 2.
Given  q ≤1. 5, a stabilizer in T heorem 5 is
Ac =
- 9. 2224 - 5. 2849 - 1. 5087 - 6. 5908
- 1. 5148 - 9. 9780 - 1. 1171 - 5. 0347
1. 1977 0. 5749 - 2. 8677 0. 5233
12. 4751 9. 0364 1. 0609 - 1. 2219
,
Bc =
3. 6351 - 4. 6549
- 5. 3491 - 4. 0356
0. 0379 1. 6915
- 0. 0093 15. 7192
,
C
T
c =
- 1. 2803
- 3. 4952
0. 0824
- 3. 3220
　　By T heorem 6, the maximal stable domain
can achieve q
2≤20. 15552. Given q2≤202 , a stabi-
lizer is
Ac = 10
7×
- 0. 0011 - 0. 0003 - 0. 0002 - 0. 0510
- 0. 0783 - 0. 0001 0. 0000 - 3. 5583
- 0. 0577 0. 0003 - 0. 0004 - 2. 6218
0. 0001 0. 0113 0. 0079 0. 0012
,
Bc = 105
0. 0004 0. 0384
- 0. 0273 0. 0004
0. 0370 - 0. 0003
0. 0329 - 1. 3740
,
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C
T
c = 107
0. 0608
0
0. 0001
2. 7626
　　Observe that the stabilizer g ain is too high. A
high gain controller is dif ficult to realize. Hence,
one may need a tradeoff betw een the gain and sta-
ble domain. For example, given q
2≤52 , a stabiliz-
er by Theorem 6 is
Ac =
- 33. 8116 4. 7221 - 20. 4425 485. 3589
- 6. 5701 - 17. 3457 - 28. 5469 740. 2440
7. 0754 16. 0156 - 2. 5480 - 7. 3533
- 393. 4705 - 640. 6787 - 12. 5226 - 6. 9254
,
Bc =
23. 2882 10. 6705
- 15. 6609 10. 3355
3. 1175 - 17. 1204
- 21. 3456 751. 5083
,
C
T
c =
9. 6206
- 1. 2405
22. 4856
- 552. 8238
5　Conclusions
The robust stability criterion and robust stabi-
lizable condit ions are provided for uncertainty sys-
tems w ith the polynomial corresponding perturba-
tion in this paper . When the stabilizable conditions
hold, a stabilizer can be designed via the convex
opt imal algorithm. This paper also proposes a
method to estimate the max imal stability domain of
uncertainty systems, and a method to design the
stabilizer such that the closed loop system stability
domain is maximized. T hese criterion and design
methods are only suf ficient . The suff iciency condi-
tions also are necessary for the case that only the
column or row of the system matrix includes un-
certainty . How ever, more precise conservat ive
analysis needs to be researched.
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